In this report, we discuss the behavior of coordinate-time dependent lapse function of FLRW metric of an accelerated expanding universe in the de Rham-Gabadadze-Tolley massive gravity theory. We find for the conventional dRGT formalism the corresponding lapse function can exhibit unphysical behaviors in the associated parameter space with a negative cosmological-constant-like term that leads to the decelerated universe model. To solve this problem, we introduce the so-called cosmological background density parameter to the perfect fluid stress-energy tensor which induces negative pressure. It turns out that this setup could overcome the existence of singular and negative square lapse function in the related parameter space and restore all the parameter space to admit only the accelerated expanding universe model.
Introduction
Recently, the studies on accelerated universe expansion have led to the conjecture on the existence of dark energy, which suggests the relationship between the vacuum energy and cosmological constant [1] . However, this was found to suffer due to the extremely small value of the present time observed cosmological constant value. One of the possible alternative candidates to overcome this problem is the assumption that the gravitational field has to be mediated by a massive graviton [2] , which is responsible for the accelerated expansion of the universe.
Among some recent suggested massive gravity theories, the de-Rham Gabadadze Tolley (dRGT) theory of spin-2 massive gravity has offered a well-behaved model which is relatively free from anomalies such as vDVZ discontinuity and Boulware-Desser ghost [3] . This massive gravity theory admits a self-accelerating universe model. In the meantime, the recent observation on the neutron stars collision originated gravitational and electromagnetic wave has revealed that there is a small propagation speed fractional difference between the graviton and photon of order 16 
10
 to 15 
 [4] . Though likely there is a possibility that this small difference can be neglected, but it is still reasonable to think that there is also an open possibility that the graviton may be massive [5] .
In many reports on the cosmological applications of the dRGT theory e.g. FriedmannLemaitre-Robertson-Walker (FLRW) universe, it is common to consider at least the following two situations: (i) the corresponding stress-energy tensor is assumed to be in the form of perfect fluid and (ii) the consideration of coordinate-time dependent lapse function   t N in the corresponding dynamical metric [6] [7] [8] [9] [10] [11] . However, we note that the behavior of lapse function, which acts as a gauge function, was rarely discussed in the literature. Here, we use the term "coordinate-time" to distinguish global time coordinate from the term "proper-time" that of related to a time measured by a normal observer [12] .
This gauge-like function has been introduced in many reports only to derive the first Friedmann-Lemaitre equation based on effective Lagrangian method namely by varying the related action with respect to this function, without further investigation on its dynamical characteristics [6] [7] [8] [9] [10] [11] . In standard cosmological models, this function is always set to trivial condition 1 N  since we could always employ a time redefinition from coordinate-time to proper-time namely by replacing   N N t  with 1 N  in the corresponding metric. On the other hand, for the dRGT theory, such lapse function of the dynamical metric cannot be automatically set to 1 N  due to the existence of the fiducial metric lapse function that introduced to maintain the diffeomorphism invariance of the theory [3] . We demonstrate that the existence of such non-trivial   N t gives a new perspective on the cosmological application where the form of scale factor fixes the lapse function.
In this report, we show that in a specific homogeneous and isotropic flat universe model with FLRW on FLRW metrics, in which both dynamical and fiducial metrics are of FLRW metric forms, the considered lapse function might contain singularity and 2 0 N  conditions in certain regions of parameter space, which leads to the unphysical condition. To solve this problem, we modify the corresponding stress-energy tensor by introducing a new constant parameter 0  to the perfect fluid stress-energy tensor, that can be interpreted as of what we call "cosmological background density" parameter, which is related to the negative pressure similar to the cosmological constant. This choice of stress-energy does not alter the dynamical equations for matter and radiation density parameters. Moreover, in this proposal, we discuss a simple example of a flat universe model with the exponential scale factor. We organize this report as follows. In section 2 we give briefly the formulation of the FLRW universe model including the definition of the related lapse function in dRGT theory, while in section 3 we discuss an example of flat FLRW accelerated expanding universe with the exponential scale factor. In section 4 we discuss the possible range of the corresponding newly introduce parameter. A conclusion is given in section 5. For the clarity of our discussion, we also include an appendix.
Lapse function in dRGT theory for FLRW universe
To discuss the corresponding self-accelerating universe model based on dRGT theory, we consider the action in the following form:
Here, Pl M is the reduced Planck mass, g is a metric determinant, R is a Ricci scalar, and g m is a bare graviton mass parameter [11] . The Lagrangian M L represents the matter fields where the associated stress-energy tensor is defined by: f define dynamical and fiducial metrics, respectively. The introduction of the stuckelberg field is aimed to restore the diffeomorphism invariance of the theory [3] . Explicit expressions of Eq. (4) - (6) are given in the appendix.
For our cosmological application purpose of the associated dRGT theory, we consider the FLRW universe. For this case, the general expression of the corresponding dynamical and fiducial metrics are given as follows: d Ndt   [13] [14] [15] , and acting like a gauge function [14] . Geometrically, the proper-time interval is measured by an observer following the geodesic worldline with its unit timelike vector is perpendicular to the hypersurface of the foliated FLRW spacetime with constant coordinate-time [15] . The a and b symbols are the scale factors for the dynamical and fiducial metrics, respectively. The function f is the stuckelberg scalar function 
where the explicit form of (4) - (6) for the dynamical and fiducial metrics of this FLRW case are given by:
Varying the corresponding action with respect to N and by considering Eq. (2) and (3) leads to the following dynamical equation:
with:
Here, we consider the bare graviton mass 0 g m  as a free parameter which is similar to what was considered in ref. [8] . This consideration is in contrast with our previous report [11] , in which the bare mass of graviton is considered to be bound rather than a free parameter.
Let us consider Eq. (12) . There are two ways for handling it, namely either by solving the differential equation of scale factor   a t and fixing the coordinate-time lapse function   N t , or by fixing   a t to get an explicit form of   N t . In the previous studies e.g. summarized in [15] , the lapse function was never specifically discussed, since they were focusing on the dynamics of the scale factor a and simply considered the normal observer with trivial gauge choice 1 N  on the discussion. In this paper, we focus on the second perspective for a reason that will be explained in the following discussion.
For our purpose, we can also rewrite Eq. (12) in terms of the explicit form of lapse function as follows:
Expressing explicitly the non-trivial coordinate-time lapse function N as given in Eq. (14) can be considered as a new perspective to study the different aspect of the cosmological application of dRGT theory. It should be emphasized that from the Eq. (14) point of view, the corresponding form of the scale factor is assumed can be constructed phenomenologically based on observational cosmological data instead of solving Eq. (12) with unspecified lapse function.
On the other hand, varying the corresponding action with respect to a yields the following dynamical equation:
The stress-energy tensor (2) that has been commonly considered in the most related reports were given in the form of perfect fluid 
Interestingly, the consistency condition between the results on the variation with respect to b and f lead also to the condition (21). Detailed derivations are given in the appendix.
Here, from the results reported in ref. [11] , we only consider the following branch of condition (21):
From this condition one finds:
It is obvious that the Eq. Based on this result the Eq. (14) can now be written as:
It is readily seen that the behavior of N given in Eq. (26) for an expanding universe, where lim ,   can exhibit unphysical behavior for 0, X   which is associated with the negative graviton-mass related cosmological-constant-like term. Therefore, the related allowed parameter space cannot entirely be related to the accelerated expansion of the universe. Analysis of the characteristics of X  in the parameter space   3 4 ,   has been discussed in details in refs. [8, 11] .
To solve this unphysical problem of , N we can consider a simple modification on the stress-energy tensor 
such that:
Clearly, based on these transformations, the stress-energy tensor (29) at t   becomes:
This condition demonstrates that the newly introduced parameter 0  implies negative pressure that leads to the accelerated expansion of the universe. In terms of the conventional model for dark-energy [1] without massive graviton, this parameter plays a similar role with the cosmological-constant [8] in the corresponding Friedmann-Lemaitre equation. We prefer to consider the modification of perfect fluid stress-energy tensor rather than the conventional cosmological-constant  in our formalism which is commonly interpreted as dark energy instead of ordinary energy. However, both concepts are equivalent. To distinct with the graviton-mass related cosmological-constant-like term, we call this proposed parameter as a "cosmological background density" parameter. Based on transformation (27) and (28) 
Clearly, by introducing the related parameter one can remove the aforementioned unphysical problem and restore the positive value of the effective cosmological-constant-like term that consists of cosmological background density and graviton-mass related cosmologicalconstant-like terms given in the right-hand side of Eq. (12) . In other words, the related modified perfect fluid stress-energy tensor leads the model only to admit accelerated expanding universe model. Note that for the case of 0 X   the model is already described an accelerated expansion universe model with physically acceptable lapse function, such that one can set 0 0.   However, 0 0   is still required when the value of the actual graviton-mass value is observed to be insufficient to provide a cosmological-constant-like term in the allowed parameter space that leads to the presently observed universe expansion. In the following section, we discuss a simple example.
Flat FLRW universe with exponential scale factor
As discusses previously, one can consider that the scale factor a can be constructed from the observational cosmological data. Based on this, we could simply consider a case of a flat universe with 0 k  , which is relevant to the fact that our present universe is observed to be nearly flat [17] , and a simple scale factor in terms of coordinate-time   t describing the accelerated era namely: 
where the parameter H represents the constant Hubble rate. From Eq. (14), (19) and (32), the expression for lapse function (31) for this case is given by:
For the sake of simplicity, the Eq. (35) can be transformed into a normalized form:
  
(solid-curve), and 0.8
Respectively, which are illustrated in Fig. 1a an example of N showing the existence of singularity and negative value. Under the following parameter condition:
for the 0 X   condition, it is readily seen that in general, the expression (38) admits a physically acceptable behavior lapse function for all allowed regions in the parameter space   3 4 ,   which is related to a self-accelerating universe model. An example is given in Fig.   1b to illustrate the dynamics of Eq. (38) i.e. 0. X   It is clearly shown that the related lapse function demonstrates saturated characteristic at t   which indicates a constant relation between the coordinate-time and proper-time for normal observer. Pl g M m However, attempt to determine its present in the universe and to measure its value observationally is beyond the scope of our study. Nevertheless, we can make a prediction on the possible range of the value of this parameter.
Let us assume that the bare graviton mass is equal to the lowest Higuchi bound under specific gauge condition of 1 f N  ɺ [11] for the functions given in metrics (9) 
of the self-accelerating term on the left-hand side, where DE  is defined as density parameter for dark-energy, such that: 
which requires the following condition:
As an illustration, if the corresponding cosmological background density is nothing but the vacuum energy density of the present universe i.e. 
Conclusion
We have shown that the consideration of perfect fluid assumption on stress-energy tensor in dRGT theory has led to the existence of the unphysical condition for the coordinate-time lapse function of FLRW metrics in the parameter space. To solve this problem we propose the modification of the related perfect fluid form by introducing a new parameter 0  . This parameter is interpreted as a cosmological background density that induces negative pressure at t   which dominates the negative cosmological-constant-like term induced by the graviton mass term. We have demonstrated that this proposal can restore the physically acceptable characteristic of the corresponding non-trivial coordinate-time lapse function in the all allowed parameter space for a self-accelerating universe model. It should be emphasized that our present report on the dynamics of the corresponding gauge-like lapse function can be considered to offer a different aspect on the cosmological application of dRGT theory, where it seems that the associated dRGT theory also implicitly suggests the existence of another unknown quantity in the universe other than the massive graviton which is represented by 0  parameter in our formulation. The possible range of this parameter was also discussed.
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Next, varying (A7) with respect to a leads to the following Euler-Lagrange equation:
